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Year 1 Complex numbers - solving quartic equations & Year 1 - Argand diagrams

Answer ALL questions. Write your answers in the spaces provided.

f(z)=z*+az*+bz2+cz+d
where a, b, ¢ and d are real constants.

Given that —1 + 2i and 3 — i are two roots of the equation f(z) = 0

(a) show all the roots of f(z) = 0 on a single Argand diagram,

“4)
(b) find the values of a, b, ¢ and d.

)

(a) remembering the 4 options for the complex roots of a quartic equation
according to the :
"4 real roots
"2 real roots, 2 complex roots (a complex conjugate pair)
‘Y complex rooks (2 complex onjugate pairs)
in the question we ave qiven two tomplex roots that aren't a complex
tonjugate pair :know ue've lookinj at the
follouing rule that if 2 =atbi, 2*=a-bi
2= 1420 %= ==

»forming our four complex roots
21: 3"', = 3+

Uneed to plot these on an -if in the form Q-I-Li":lot
as Cartesian coordinates (a,b)

~lm(z
a ] im (@)

)\ et

) Re (%)
3=¢
-1-2

(b) to find corres.oondir\cj quartic equaton to given roots - 2 main methods
METHOD |:use complex confuqate roots to find two qeadratic factors
of polynomial of deqree 4 '
. . first forming q\lud.ral:c.cs out of given complex confuqate pairs:
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Question 1 continued

UAY |~ using fact that general equation for quadratic (S 2‘-(50()4-«9

sin ised. that

(or using me.mo.nsed a (o memorised that =4 3% = 2(a))
2 +2%=2e "2(‘”) : =2(3)

o = (=1+2i) (-1-21) opl=(2-0)(2+¢)
= |+ 2i-20 -4i? = q+3¢-3( -2
= 5 s q'(“)

( ; * = al4b? 10
(o Mem.ortse.d. z2" =04 ) (or \lSi'\g memorised. Z'Z‘.fa“’Bl'
Sulnbmg into qeneml __.(3)1_‘_(_,“2
quadratic fornmula =5 =10
=) -
WAY 2 : utiﬂg - i (S a factor then

flaye (2 - Cre20))(a-(-1-20)(2- (2-i}) (2 - [ 34i))
expand brackets
- (H|-za)(z+l+2i)(z-3+i)(z-3—t)

expand 2 quadratics
=(2‘+(|+21)z r(1-200248) (224 (-3-i) 2 + (-3 +0)2 +10)

* W2t-62+10)

La now ve have these tuo quadratics -have to expand these to qet quartic

(2+2245)(2%-62+410) = 24-623 41022
1'2_;_3-\22,'{-202
+S52' -302 ¥50

= 2"""’13'\' 322—'0%* SO

=) a:—"l'bz?o' C'-"'IO' d=50

METHOD 2:using roots of polynomial equations
let ot =-V#20, B=-1-20,¥=3-i (=3+¢
looking to apply roots of polynomials formulae to given quartic
L
fC2): 24 4a2dtbat 4Cat 4
”‘\e’e su:;\’otog H ﬁ“; -G./‘ 2= a.

3
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Question 1 continued

sum of -—2;4&:5/.—5
product pais s '

[d
T
fOOtS

now working above out using our given roots:

‘ -

"¢
4

Zapl= (14200 (-1-28) * (<142)(3-6) & (1420)(3+i) + (-1-20)( 3 -i)
“_f(-l-u\(su) + (3-1) (34¢)

oNn calc 0 manual

<

equate £o formulae resulks
=) 3-b
< = (-1420) (<1-2i003 <) & ([ +2i)(-1-28)( 2 #i) 4 () -20) (3-¢)
[34¢) 4 (-1#28)(3-¢) (3 +0)
= |§-5i+15 +5i-10-20i - 10 +201
30 -20
=10
equate to formulae results

=)
(-1+2i)(-1-28)(2-¢) (3 +0)
s(\0)
= G0
equating to formulae results
§0=d
=) a=-q,s=3gc=-\o!d=50\\

P
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Year 2 Calculus - improper integrals

2. Show that

where K is a rational number to be found.

(2x2 +3)(x +1)

dx =Ink

Q)

notice ue're asked to inteqrate a [roctionol expression -looking at Ways

to integrate a fractional expression

Fractional expressions

WAY I:compare (oefficients
Xt

da. Can |

Is there a single term in the denominator?

4b. Can | do

Does the denominator factorise?
4c. Can | do algek

Is the fraction improper?

may be tempted towrite:

Ex-12

(2 +3)(x+1) ~ 2243

need to do it by partial fractions

)

but in FM-need mosi general expression ¢(n the numerator

need $x-12
(2x*r3)(x+1)

- Ax+B

<
x+|

=V @x-12 =(Ax 4 8)(x+1) + C(2x2+3)

O=A+2C -0
ee)C t

Q-

A+8 -@

... constants:
“12-R843C -0

eg.-manipulate O ko qet A the subject

ond

A=8-B
sub into ©
0:=%-8+2C
=) B8-2¢=9% -0
® @

8+3(=-11
e

WAY 2:by substitution
Let Xx:=-\,

-20=5¢C
=S =5

=) C=-4

rest by (omparing coQfficients
RYAS
0=A+2C
O=A+2(-4)
0=A-¢
=IA=¢
.. X
8:A+B
R =8+
=)8=0

-1C= T
s¢=-20 T 0T N



Question 2 continued
Subbing ‘C’ into 0
o=A+2(-4)
O=A-9%
=\A=8
subbing intp ©
8=3848
=) @ =0

=) 8x-12 . 8x _4
(2x+3)(>c+1) 2+ e

now indefinite integral of, partial frac&iqpsﬁ
g X 4 d 8x

2xt+3 X4

~ notice how both iateqrals can be

X
%
X5
IXXEXK,
s

s
55
55

b9
Jogere?

9%

5

X
%
X
?2
o
<

SE - —differentiate: 2-'—; 3—
x+

RS — oy ~n N '\

dx = L dx
2x‘+s,x tr)[ xX+| 4

A . evaluated using reverse chain rule
tonsider: La(2x*+3y

s \ - AN B | R A S\ S —,

K% but need gx in numerator:

< CSAR

[030.0.050, l

X ISLEHK A .
s | scale -

x2

0020002

| e e
consider - tn(e+1
< KIP 0 . l
differentiate: ot
000 1 I

LA ch \e . —
=tn(x+ \)B

2%
=7
%28
0%
KRR,

QERIELRLEE

KRR IR AN

RLR
R
5K
SRR

2in {2343y =Yln ¥ ¢

RERRS

X KKK XA
SIS ISR IS
s,

&5
5

SRR
25558
R
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. -
KEIEEK, l 2 2
e 2 2ln(2x"+3) +C J

subbing into indefinite inteqral:

and manipulate using 109 laus- pouer rule and quotient rul

7
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Question 2 continued =ln (( 2_ X'+ 3) )
(x+1)%

how appl\jing I.Mf :
lim 1)
[nf(2x+3) 1
bqoo[ f\.( (x”)'f) o
3 lm G (28343Y ( (]
Sl (0]

=\im %(:ln(%"nu +9)
t
0 LY ut>y6t? mm] [l"q}

and using L'hosgital ruie (= £4)

L\f-'—". +_‘I_
tY
L""\' ln. tz —_— —l.f\.(q‘
toe | fi .\.i{-i +1
t t2 k3 Lt
as t—= e,

© gy-12 4
r— = In(7) -l
J‘O (Zx‘ﬂ\(xi-)) n ') I\(Q)

vhich using (09 quotient ru\e ¢
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- | Question 2 continued

AJ@
0.&6;’,:

Reminders:

Students find fractions tough as fractions can be so many types.

Check first (and throughout the question) if you can simplify by:
» using basic indices rules to simplify and expand hrackets

ol xTixixtmiyath
s
X ok

o zb—x

= means Zx7
o o ot ¥
= 3

o (Vx)ror¥x = xb
»  Factorising and maybe cancel fiest
» Is there a single term in denominator?

split fractions using ? = §+ E or(a+ byt

Then ask yourself:
+1

K0
1. Isitan easy power type? [ x"dx = =

1)
VT head
To recognize these, the power in the denominator is (almost

always) 1. When you bring the denominator up to the

2. Isitin (natural logarithm)? Form |

numerator using negative power indices rule you get a power

of—1. By adding one to the power and dividing it, you’ll end
up dividing by zero which you can’t da

re
[T _-+ &

Method: copy In(denominator). Remember ignare then

_to check you get what is inside the integral -
correct with numbers only, not variables and only correct by

multiplying or dividing. We can ignore the pink part since the

derivative ‘pops’ out when we differentiate and we know
when we differentiate our answer it must be what is inside

the integral).

QRIETR

::::;:;2:: 3. Isit bring up and harder power type? Bring the power up and
g * A% —_—

gz::}':;:. becomes the form[ f'(x)f(x)" dx = -+ c

::: :: Recognisable by a power in the denominator other than

<X o

QSR —_— 4x _

SR P s 2 3

:::z o I T J4x(2x? - 10) 3 dx etc

(0% % P g

G

:‘:"v}:‘o 4. isit Pal:ﬂﬂ fractions! Recognisable by products in the

LSS denominator.

REER = 4, B

SN L L e e e —

Jogl % s (orvdiiextf)  cxtd | extf

SURIXL, A B c

SEEK, Form2 —————— = —  —  ———

:,:,:,:,:.0 (de+e)(fx+gP  dx+e  fx+g =~ (fx+g)?

0:0:0:0:0: (only advanced courses have this form)

S y 4 B

$RRRS Form3 —=—=—"—4——

‘:‘:.:.:.: (dx+e)(fx2+g) dxte fxZtg

:::::::::: 5. Isit divide first? Recognisable by two or more terms in the

:::::::::: denominator and also where we have the matching highest

3:3:3:3:3: powers in both numerator and denominator or a higher

LR ower in the pumerator

S i -

0:0:0:0:0: 6.  Rewriting/adapting fraction in a clever way (split up the

KRR

:,:.:.:.:. numerator to get two fractions)

::::::::::’ 7. Isitinverse trig? (may need to complete the square first)

::::::0:0: Either use the inverse trig results below or use a trig

R substitution

bx
)¢

-
f '—az—(bx}z dx = bsm (ﬂ

1 il b
f——dx = —cos’l(—x)+(.'
Va?— (bx)? b a

1 1 bx
————dx = —tan'|—)+C
fa2+(bz)2 =t (a)+

X
doves
(5
%4
03505
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(Total for Question 2 is 7 marks)
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Year 2 Polar coordiantes - finding area of polar curves

<4 1.2m P>

Figure 1

Figure 1 shows the design for a table top in the shape of a rectangle ABCD. The length
of the table, AB, is 1.2m. The area inside the closed curve is made of glass and the
surrounding area, shown shaded in Figure 1, is made of wood.

The perimeter of the glass is modelled by the curve with polar equation
r=04+ acos20 0<O0<2n

where a is a constant.

(a) Show thata = 0.2

Hence, given that AD = 60cm,

(b) find the area of the wooden part of the table top, giving your answer in m? to
3 significant figures.

Diagram not
to scale

(2

®

(a)notice how 1, 0y qives HALF the

SO need to maxim(se

r=0.440ac0526 gnd equate to

N—"x—"

at max.uhen ¢0$20:=|

SY0.k+a =

=)a=0.

(e) main strateqy for arca of wooden i.e Shaded:

A 1.2 8

area lar
/V%P?.urvt

4 [0}

area of reZEangle.

1

o
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“ | Question 3 continued
:.:‘:::. ...jirst avea of rectangle : ..-Now areq of polar curve:
(2 using formula for polar integration:
0.6 1.2x0.6 ,‘J“-zde
0.32 v’ subbing in our 'r* uith part (a)'s
ANO explolting Symmetry:

<
E 7
=
2%

pletsterels

“

"

T
2“/"2' So (o-4+o-. 2(0526)2 do

expanding inside inteqgral
: . ‘(O-IG+o.)6<osze+o.oqcos=ze)49

but can't r;nlli integrake £riq pow ers .use memorised

gl 1
c0s'O -2iz(057-9

’ Ig.lc +0-16 ¢0520 4 0.0% -L+ -'—costue)de
, > " '\2"2

SO

LN
SN

K

5

QY
oo}
ry
o)

20
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1%6%%
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SHINE

N
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020
.
9
D3

= [ (018 +0:16c0520 +0.02cosu0) 6

0%

20303
Ik

v.t

bo%e%

= [0.186+0.085in26 +0.00 Ssin4e] "

V'S - [o.{s(cr)+o.ozscntm+0f>$(*@**"“”]
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Question 3 continued

(Total for Question 3 is 10 marks)
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Year 2 Series - method of differences

4. Prove that, forn e Z,n >0

2 1 _ (n+a)(n+h)
e (r+1)(r+2)(r+3) c(n+2)(n+3)

where a, b and ¢ are integers to be found.

©)

notice ue have the summation of a fractional expression - cannot exploit

the Yr| summation formulae-only method left is method of differences
Cve 2)

fuest reurthng U, in 52'"!5 of pqrua( fractions {o qet something inform:

2 U = 2{0')- 2f(r+l)

| = -A— + -L + -
(e+1)(rs)(r43) 74 r+2 (43
V= Alr+2)(r+ 3)+8(r+l)(r+3\*C(r+|\(r+2)
WAY |:compare coefficients: WAY 1. b\‘q substitution
plt let r= -2|
0=A+8 +C -0 ) =AL0)(1) + 8[-N{1) +C(1)(0)
P =) 1=-8
0=SA+4BR+3C -© =& E I
.-.constanis:
let r=-3
make € the Subject of © =) [=2¢
C"A'B =2 - / =2
and sub into @ ot ) b il ]
Y =A- et v=<
0=SA+4843(-A-8) = A(1)(2) + 8(0)(2) + OV 1)
=) 0= 2A+B l “IA
and the same into @ 2 a2
[=6A+3B +2(-A-B) A
) 1= tA+8

solving and simull-o.newslj

—————

2A—|

14



Question 4 continued

n

4

suLbing wnto

eva.lwate above for r=o0,1,2,..

0=2(',)+B
=)lB=-i‘

and finally into

rcarranqed

Cc= ‘/2

N

| |

—_ PP S S
r+1)(r+2)(r+3) 'ri_oz(m\ r+2 1 2(r+3)

...tuo macn ways-

UAY I: numervical method

Up: —+

2(o+ 'o'n. zJ(—O+3)
3

3 _(L-I-H H-z 7_(\43)

Elrs sl

V] o
v 2(2.+l) z+z o (at3

25wl

1
Uy:
2(3+l\ 342 236 3)
[ 2 A
5‘ ¥

E—

Y5

-
-

un-z_:.L iR

2(n- 2”) n-2¢2" 2(n-2+3)

( z(n. l)--:’\. Hm

z(n—u-l) n 1+ ¥ z(n\+3)
L/

" 2n  n+| (2(n+2)
—

p 6 1 1 7 7 A 01 5 3 2
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Un:| — (L L

"'v

L21a)Sarz) C st
notice this unusual ‘L'shape left after cancelling,
\eft With:

-E'- Ly, b \

4 F3ne2) ni2 V30 3)

(ollecémg Lcke l:ermS
=1 L

% 2(n+Z) z(n+3)
VaY 2:mechanical method

aSked to evaluate
2 0 _ L L

,-2,0 e+ r+2 2(r#3)

taking L out

1 e _"_1 ® Z A

2 SorH Trer (r43)

g__ <L =
let ,((r) '.((r+|\ |r_*_“-f(nl—z\ Py

SO reurtl’tnﬂ above as$
z 2 Flr)-2F(rt) 4 f(r+2)

emhalze at rz0),2)3..n-2\n-1)N
Lo : fla\ -24(1) + f£2)

Uy SR Y =242 +£(3)
“z‘f(lfjlfm-i{(«f)

“n-z"{(n-z\ -2f(n-1) £f (n)
Uno:f (n=1)-2£ (R) +f (n+1)
Un: f(n)=2f(n+1) +f(n+2)
after cancelling leff with
FOO) = 260) 401N + £ns1) -2f (n+1) +f(n +2)

Subbing into function
(L a3 R Ry R Lo )
Z(HO 2(”") L STt Z(MI-) nt3

Z(' |+ 3 nt2 M.z*?.'u)
= (L L

z\'2 " n+2 ‘*m)
expand '/2 into bracket

=1 _2 |

—

N 2(n+z) +2FH3,



(

Question 4 continued
now manipulate to qet common denominator

(n+2)(n+3)-2(n+3) +2(n¢2)

4(n+2)(n+3)

~ expand numerator

P}

TN Y PR 1
4{n+é)n+ 3

 collect like teemS in numerator

n'+snt+y

4(n+2)(nt3)

{.qd: ori¢e_guadratic
(n+t)(n+r) \

uflnisS\ini?
'1".1'"["" )
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Question 4 continued

(Total for Question 4 is 5 marks)
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Year 2 Modelling with differential equations - forming and
solving first order differential equations

5. A tank at a chemical plant has a capacity of 250 litres. The tank initially contains
100 litres of pure water.

Salt water enters the tank at a rate of 3 litres every minute. Each litre of salt water
entering the tank contains 1 gram of salt.

It is assumed that the salt water mixes instantly with the contents of the tank upon entry.

At the instant when the salt water begins to enter the tank, a valve is opened at the
bottom of the tank and the solution in the tank flows out at a rate of 2 litres per minute.

Given that there are S grams of salt in the tank after t minutes,

S
<A
% ~ )
o%° %
QLI
Sy

(a) show that the situation can be modelled by the differential equation

OO
e
Peteted 7 & .
MR
SRRBB

ds 28 8

- =3 %5
dogesesess
dt 100 + ¢ s

00,020,

558
oses
<
<

pesosesess
pessesseses
CRKXXS
SXKHXKS
(4) 30008

(b) Hence find the number of grams of salt in the tank after 10 minutes. s
&) S
When the concentration of salt in the tank reaches 0.9 grams per litre, the valve at the K

bottom of the tank must be closed. S

. . ’%h”
(c) Find, to the nearest minute, when the valve would need to be closed. SN

KRG
A3)
% %

1%e%%

M ® . °ppe - \ - §§§§?
notice this is @ 4lling the container 100F problem -.need to follou the follouing>
format:
volume of pure water in tank after ‘¢' mins: 100 +(3t -g_l:) N

v gr“ﬂ‘s_o" salt after t mcns=

(d) Evaluate the model. N
2
ot

[959:%.%%

E55

0%
8)
SRS

Pz

b o o 098

X

IEEK,

SR

RRRKS

KR

KGR,

K

5
35
XX
%5
boSeledes

5

O
<
X X
16
Savd
25

SRR

rate of salt in: ax| =3 K2
rate of saltout: 2 x S

1004¢
=25 &

= LSS
ST
00+ R
oy
T
s
9% =ale%s
Do 9%

and, by definction : :—: srake (n -rate out

<
CodX
5K

6
e
o
92,
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<
XA

0K
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%
XK

< x
0)
e
2

,
e
X5

%

oo
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o o
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%

ERKE:

- - KOS

-r) - bols oaled
- %0 o %
— K

‘l t 2%31
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0
X
CSM
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SRR
REHHRILLKS

0£%$?.
QLK
(SR

KKK

COEXAAAD
SRLRKLELS
KKK

RS

RIS

(b)asked to solve 10DE ;qetfing in form %};-\P‘d =Q
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Question 5 continued
49 25 | =3
at 100+%

See Straight away that can't wse
tnvolves addition rather than the product of £uo [.unc-uons
checkmg fov A

K_\
dS® 158 =3
o\t‘ __100+¢
d
(” * looH >
+nof reverse product rale
hence Wwnis at need to iatroduce an -

rmultiplying through by this

(004
E-: F1SU0oF
d(5- 2 1004+€)

dNé ,
('°\°i"" at + 25 (100 +t) = 3(100 4¢)
\d (loo+’c\ =2 (jl00t) vV
nov checking }or
(abowve)

as expression

- can rewrite equation 6$ derivat ive of product of S and (ts derivatives

&t— (S(\oou)‘\ = 3(1004t)*

and inteqrating both sides
5 (10046 = {s(\oom’ at

=) S(100+t)' = (100 44) + ¢
or expmdmg RHS
G-S: s(100+t)* = 30,000t +300t" +t*4c

nov finding partitalar solution using (nitial conditions =)

vhen t=0, =0
0(100 +0\* =(100+0)* + ¢

0 =1,000,000 ¢c¢
av €z ~1,000,000 or -106

p 6 1 1 7 7 A 01 9 3 2
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Question 5 continued 3 ¢
P.s: S01004¢) = (100+¢)" - 10
but question wonts us to qet ‘s’ vhen 710 ~subhbing this n:
5100410y = (100 +10)> - |0¢
SC1oy* = (vio)* -10¢
s(12,100) = [,331,600-10¢
12,1005 = 331,000
212100 12,100

S= 3316 g
120
=23.3¢F8...

:2}3
(c) METHOD |: using s
uhen salt reaches 0.9 g/4 ,the valve at the bottow of the tank must
be closed i.e amounk of salt, ¢=0.9(100+ %)
L subbing into from (a]-
0.9(100+t) = (100 4 £)® = |
(100 +4|

2
x(|oo+t)z % ((00+ t)

O.q(loo+£\§=(|00+l-)3-lo‘
coltect ke terms
0.1 (100 +4)* «0°
= 0-.| z0-¢
(106 +¢)>= 10
culoe voot
1004 t =215 4.,
=)t = 1S mins

METHOD 2:using concentration {ormula
. ma
concentration = -—gs
vMuML
mass= 10044 - &‘
(100+t)?

volume = 100 +%

0.9 = 100 t& - 10°

p 6 1 1 7 7 A 0 2 0 3 2
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Question 5 continued

*(100 + £\ x (100 +t]
0.9 (j00+t)=100¢k-10¢
(100 1t)
x (100 +t\’ x (1004 t)

0. q((oo+£\s'-(loo+£);- 10¢
col(lect |ike tarms
0.1(100+t) =10
<0-1 =01
(100+¢€)° =107
cube root

(100+t) =215 .%4..
=) L= tISm(ns

(4] possible limitations-

-unlikely ¢hat mixing (s (nstantaneous
‘model m\lxj valid when taak not full
‘valve closed -model not valid

. ur\\ikelj concentration of salt uater entering tank uill remain exactly
the same

(Total for Question 5 is 13 marks)
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Year 1 Proof by induction - divisibility proofs

6. Prove by induction that for all positive integers n

f(n) — 32n+4 _ 22n
is divisible by 5
(6)

notice thisS i o proof by induction (. proving o conjecture is true for
alt ne2t\here ue have a divischility proof

Step |:base case : prove true for n=|

f(” = 32(”""-} 17-(‘)
362"
T 3F29-4
=325 = 145 (%)

* true for n=|
step 2:assumption step: assume true for n=k

{(k) 3&*# 1% shich is cdivisible by S for all kelN

step 3: Cnduction step - prove true for n=k+l
2(k+!)
f(k'ﬂ) = 2(k+n+‘t l( +
2k+€ 2k+z
=3
breaking this up so ue qu some multiple of f(k)

. 37.k+~|(3) zzh(zz)
- q (slk-ﬂl) _ L((llk)

..two main wJays +o manipulate above:
WAV I: splitting above to qet a multiple of {(k) und of S

q(slll'\"'l) _ q(zl\,
/\
S 4

5(31k+ 4) + Y (31k+q_22k)
replacing blue highlight with fCk) ~assumption step

9(32““') + 4 (FY
- qs&sumed divisible by §

" S 0O A R



s true for n=k+l
Question 6 continued

WAV 2 : f(lpl-l)-f“(\

q (3MHH) oy (k] - 37T g
collect like terms

=Q (32“&. - 3(7_2«)
now Splitting this to qet f(k\ factorised

'5(32““) +3(32k+#_22u)
replace above vith {(k)
:g(slk*‘f)wf 3{““ )
= f(ke) = STa™*4) 4 3£ (K)
NV— SV~

multiple assumed
of § divischle by S

~true for n=kl

Step y: Co;\clusiong{ie};- y AVALd — /7P
since true for n=l, if true for n=k and true for n=k+l then
true for all kelN

A2
$56%%
0928
255s
03

%
opé

QR
ieletesde
AR
]
KRS,

QK
20X

ﬁ%’

X

.:.

039}

&5

:‘:'

.:.

&

:‘: v

.:.

Ko

K

pogel

e~

::: % %

SREE
Dt
~.

Do%e &

e be7e"e%

QAKX

Jossssssases

LXK

R

????g'

LXK . .

KA (lotal for QlleSthll 6 is 6 mar kS)

§§§§§

SRRERS
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Year 1 Vectors - point of intersection/equation of plane; finding acute
angle between two lines
' N\ KXRRRL
S8

7. Theline |, has equation S

x-1 y+1 z-4 e 5

The line |, has equation -

B o0+ 1%
e
ot

r=i+3k+t(i-j+2k) B
where t is a scalar parameter. i o

(a) Show that | and |, lie in the same plane. Sy
el

SPTES
PP
bo%e 34003

(b) Write down a vector equation for the plane containing | and I, SR

HHHRKS
(1) :0::‘0’0’0

(c) Find, to the nearest degree, the acute angle between |, and |, S8

[95009:%:%
$909%09:%:%
3) S5

(a\ WAY l:point of intersection - -
notuee (tne , is given in Cartesian equation form and /[, in vector

parametric form So converting £, into vector e«_ﬂ_lm_Qf_fii

pe S
all AN\ LT, ~(numerator neqated:position | T
| 1 ) DB

4 = .l. - . . \IQCfOf oz:v‘oo
S y - ~ (denominator =direction vecto) | T

Fak [ | _ B riwh N A\ -1 - - e M. L&
\ T\ SKIPER
. SR

L1 W= o 2
- — 2002500
SRS

oY%
SRR

QS
KRS

D)

and. seeing vhere the two lines intersect -if they intersect ak a unique
_point this means they lie in the same plane | @llou@gftoucn&u (attached

Do these
sohitions satisty the
therd equaton?

ARSI
R R R IIL L R

IR IR AKX
K ISR IR IR AKX

9o 0%
SRR

LR

& o s e Bhe parameten o
 — - — Fhe v b equat . of 1he Bri,

OERRK
09090% %%

X
5>
%

0%
< RICICRICIRICIIRIIKIRE

OO tottote et etetetetotatetotetetetotes
IR

Wrile the cqustions

— Rl Wity thies
incolu
b ie

08 them soual .-’.I I;u- ¢r|||: iy

10 each athes R e

0
2
55
<5
5

<55
<5

X5
K

SRR

Try tio sobee
fthe firsl bwo equation
smullsnegushy

-~

9%

¢
X

(55
%
5K

¢
e
@
b
o
S
K55

o)
C
< Y
5K

0%
[

%
255
W
X

ot

059

O
5
)’
%
QK

%%
S0t
<K
LC
e
<355

Lines dp intersect Selatitute your valkers for 1 and i imto the equation of one of
o lms 10 find th post Of MDETLECTION. YouU Lo Ut Chit OIS SN 10 (heih.

X

0
X
(]
A%

XKy
90

e

%%

botoel
LXK

+ St S,

Jegecoarips

< PPLX

—l - ) t KL,
S5 S

\ 443

w |

<+

~

a X

0900, X

Ty
.

SR

component: 1+#2A=|+t

» 3%

0‘0‘4;':.‘
E 2 Ive simultanemsly (equtn solvar/ [ >
-|-a=-% \ Solve stmw 0] Q

. . K

[
o o
g‘ - @ \3 &

P 6 1 1 7 7 A 0 2 4 3 2
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0502008
QI
RS
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QLI
SRR
CRRKLS
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%

0%
<
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R
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Question 7 continued

O+@
=) =1
sub nto O
2()-¢t=0

=) t=2
Hcho.ckcng these parameters also consistent
uith the ‘k' component

LKS: RKS
4es) 3y
T} =}

LyS = kHS -~.consistent

H sulobing into any of the
aneral coordinates

G5 (3)

since [ines intersect at a Single peint (cmsisttv\l-l,
must lie (n the Same plant

WAY 2:alqebraically -using Cartesian equin for

and Subbin3 inko Cartesian equation:

-1 Lel _ _y

-
- -

splitting into
-t
cross milh’p’g
~t=-2t42
=y t-t =2
t =2y check if consistent vith @

25



Question 7 continued

-\
cross multiply
“3t+y=-2¢
=) t=2
~ lines intersect at a single point
uhete t=2 -lie (n same plane

-t4l - —142t
3

Alternative method: finding equtns of planes for ¢, and L,
heed to find equtn o} the plane that vould
CONTAIN the two lines: 0, and

b to do this, pi/st need to both direction vectors
WAY |: using dot product
let (i) be the ~usiag fact that normal is perpendicular

t.e dot product=0

(J;)-(-Zl)zo (§ -
2/ \3 z)' =0
M\Au'l'pl\J out: M“\\l'iplj out:
2x-Y+32:=0 X-y4+2%=0
let 2=
2x-4=3-0 %x-Y=-1-0
- cale equtn solver/

©-0 2x-y=-3

- X -ys-2
x=-|
sub into @ for y':
(-1)-94 -2
9=
ko both
= of

WAY 2: using ross product
to {.ind. , just need to do the Cross product of the
buo direction vectors

p 6 1 1 7 7 A 0 2 6 3 2
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-] 2

L0 =) +k(-1)

N ™
L.
wx

—
]

-1 3 12 r -|
'll -]' zl‘}l( | -1

now looking to get the ‘' from r.n=d

...from 2' : {o( .
o.-'n =d a-n=d
(2)(2) zrr s
:')r.(-_-':):-)_ .___.): |73 =72

=) lines [ie On same plane
(b) (-u'ndn'ng the vector parametric {orm =) genesal form (s r=a+Ab+mC

L from part (a] know that the two lineS £, and lie on same plane jcan pick any
Of the tuo position vectors of £, 8nd !, as ‘a' and then the tuo direction
vectors fer ‘b’ and ‘¢! (tyo non- paraliel vec{-ols)

e () e () on(
ofr: ( )-l-)(—zg).f,w( )
(€) to find the acute angle betueen 2, and [, -follou the formula:

c0s0= |b 6,1
|6, 116, |

(0$Q = }
()
Jy e ) JO1+ (102 (2)

= 2+1+4€ _ 9
Juyle “mylc -~

a4
=) 6:(os '(m[z)
=)0.€913...

:||°
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Question 7 continued

(Total for Question 7 is 7 marks)
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Year 2 Modelling with differential equations - solving and evaluating
coupled second order differential equations

8. A scientist is studying the effect of introducing a population of white-clawed crayfish into
a population of signal crayfish. -
At time t years, the number of white-clawed crayfish, w, and the number of signal
crayfish, s, are modelled by the differential equations

(a) Show that

2
QW AW~ 4506
dr? dr

(b) Find a general solution for the number of white-clawed crayfish at time t years.
———

(c) Find a general solution for the number of signal crayfish at time t years.

The model predicts that, at time T years, the population of white-clawed crayfish will
have died out.

Given that w = 65 and s = 85 whent=10

(d) find the value of T, giving your answer to 3 decimal places.

(e) Suggest a limitation of the model.

| (a)notice ve are asked to get an equation only in terms of /' and its

‘derivatives
~differentiating  © urt ‘¢!
&J — S/ dv - ds —
dt '2'(7\? ")
and subbing into © to get rid of

mwltiflj § n
dlv - cdv _5 y4+ys0et
2 att S-Tt 2444

p 6 1 1 7 7 A 0 2 8 3 2
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Question 8 continued

QKR
KKK,
S5

plofeseseseset
SRLES

S take u terms to LHS
it diu <t
& 17{;-5%{+2u=4$‘0€

(b) asked to solve non-homogenous 200€

A-E: 5lo§mi2:0
L

m= §SJ(-512-4()(2)

AN -

= 2
Y

_hints at 2 real Solwtions .-.usinigiieneﬁa(”

: equation : u=Ae*tipeft
. 2CF: = Aeo’gt_r Qelt _____ [ =< il

IR
R RIS
A&gﬁﬁaﬂoq@af?@p@g@p <
NOTWRE

<5

[

|

|

|

3

oy P.T frem table:

%

«

KKK
SN
:}(‘ [\
& e
QLK

4

XX
B
SRR

QR
R

S
2R
9%

<
%‘%0
KL
S
5K

k A
- T —) e-t - ax+ b | o A+ ;:x—

55
SIELS
SRS
9%

000
2R

25
K55

[\ '£f‘1 WS ) Q:{. Form of f(x) Irqrmufparﬁcularlntlm|

dv
B [ N df ax? + bx + ¢ | A+ px + vx?
d?

kebx AeP*
-‘)\ -;tf' - == .
— TAC M CoS WX » A cos wx + psin wx

] - ] ] it—L S mn m sin wx Acos wx + psinwx

m cos wx + nsin wx Acoswx + psinwx

WARNING!
The particular integral must not contain any term

Sub int0 200D ¢

2(ne ) -s(-2ef) + 2 (net)
expanding out -
29t + Saet+22et 450"

. =) qA = ¢SO <q

'q-:) A=350

p 6 11 7 7 A 0 2 9 3 2

4Soe-*t

0500394
2:3?‘0
S
R “
D%

7
N@

3

9
R
XEERS

AR %
9% 05%
bty XXX
4
%
KK

55

R L XKL X IKRKAA
%,

SRR
RIS
RRIARKLLRRIAL

950
9%
S5
o
558

GHRREREESS
pottetetetotoloeietotorel

o
S

in the

complementary function. If it does, you'll need to add an x
and possibly even an x in front of your usual Pl form
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G.S=C.F+p.T : :
Question 8 continued ooz A e°°s‘:.|, bel +50e
(c) for no.of uant to subin to © -.differentiate part (b)
dy _ 1 p,05¢ 2t -t
dt = 3 Ae " T+ 28e” -50e
and. sub into ©

%Ae°'“+ 28e*- 50¢7t - < (Ae®Sts getts S0t - <)

expand
. 2t -t .
LAt 282 -500" $he’ St S pettiy26et-£
take s to LHS and rest to RHS
$0 22e%ts Lee'+135e

2
=’5=3§Aeo'ﬂ+-;:eeu+?-0e.-t

N

(d) 3 out Sugqests T uhere Ww=0
G Subbing in initial conditions iato 6.5 from part(h] and from
when {:0’ u=(€¢§ : Uheﬂ."'=0’
. 2(0 -0
6S =Ae,o 5(0)1' Be ( )'l' SO0e | :%Aeo s(o)i.%_gez( )+?,Oe_
=)A+B =[S 0 ( ) 4 = . SIS_
v =) —A+-—=8=
| <A <8 -
| YA+ =315 -0
©-0 3A=60
23 <3
A=20
Sub into @
80+B =3¢
Sp:=-S

Y= 2o<>.°'gt -Seltss Oa'*

need ‘t' uhere

2020'“- Setty soet

xet xet
00 000000 R0
P 6 1 1 7 7 A 0 3 0 3 2
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Question 8 continued

:Loe"'st -Se¥+50:0
=s TS

1.5¢

notice thi's (s o (tuadfa'“(. ne .

substitution : \1:2"“'
y2=Yy-10 =0

<0 using

p—-—

Y=y +J16-4()(-10)
2

=4 tJs6

el.ﬂ

N

taking logs of bolh sides
L.SE=(n (w tf?e)
2
but can't take loqs of ~Vves
“I.St=(n ( ‘l_-l-{[;"(

(.S :'l.g;/
2

= Fln ‘f_-l-_S_C)

e Sin( B2

-

A IEY

e) possible limitations:
-Qither population becomes -ve which isn't possible
-when vhite-claved crayfish die out, model becomes invalid
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Question 8 continued

(Total for Question 8 is 18 marks)

TOTAL FOR PAPER IS 75 MARKS
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